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(Submitted  by  A.  N.  Kolmogorov,  ik  fey  1959) 

Let  P  be  the  set  of  all  functions,  determined  for  the  set  #  of 

IB 

power  m  and  which  also  takes  on  values  within  this  sat*  She  closed 
subset  0Jt  and  set  Pja  with,  respect  to  its  superposition  (^O  is  called 
a  closed  class*  Ihe  subset  35  is  called  the  coc^Jlete  system  in  Pj^ 

if  its  closure  with  respect  to  its  operation  of  superposition  is 
coinciding  with  the  set  Pjjj,  Ihe  subset  3K  is  called  pre-ccmpleted 
class  [partially-completQd],  if  it  is  not  a  ccaiplete  system,  but  by 
adding  to  it  any  one  function  from  P^j  which  does  not  belong  to  > 

will  give  us  a  complete  class  vrithin  the  system. 

In  our  further  discussion  we  will  be  interested  in  sets  Pjjj 
for  which  m  =  k  (k  is  a  natural  number  greater  than  one)  and 
The  first  is  called  k-valued  logic  (^),  the  second  countable -valued 
logic  (^)*  In  case  m  =  k  then  for  the  set  we  can  take  the  set 
(0,1 . 5  anf  if  m  =  then  lo,i  ,2, . 

One  of  the  inportant  q.uestions  in  respect  to  k-valued  logic 
i  and  countable -valued  logic  is  the  question  of  conpletaness  of  the 

'  system  of  functions.  For  Pj,  the  following  theorem  of  coapleteness 

is  taking  place  (■^): 

’  In  order  for  the  system  of  functions  Pjj  to  be  ccmplete,  it  is 

necessary  and  sufficient  that  it  be  not  inclided  in  any  of  the  pre- 
>  conplated  classes  of  P.  ,  As  it  is  evident,  the  whole  collection 
of  pre -completed  classes  of  P.^  is  considered  in  this  theorem.  Qhe 

’  power  of  this  collectioji  being  finite  increases  rather  swiftly 

■  with  the  increase  of  k*  therefore  by  presenting  itself  as  an  effective 

I  and  sufficiently  good  (from  the  theoretical  point  of  view)  criterion 

!  of  coBpleteness,  the  introduced  •Uieorem,  nevertheless,  presents 

^  considerable  difficulties  for  the  practical  realization,  in  exposing 
^  the  completeness  of  concrete  systems  when  k  is  sufficiently  large. 

1"  In  view  of  this,  in  k-valued  logic  other  theorems  of  conpleteness, 

'  which  are  less  ccaaplex  frao  a  practical  point  of  view,  take  first 
'  place.  Oto  such  theorems  belongs,  in  paitlcular,  the  criterion  of 
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Slupetsky,  which  displays  a  sufficient  conpion  for  c^leteness  (^):  ' 
that  those  systems  of  functions  are  cooqplete  xn  which  consist  of 

all  functions  from  one  argument,  and  functions,  essentially  dependable 
on  not  less  than  two  vasriables  and  taking  on  all  k  values. 

One  should  tal:s  notice  that  the  knowledge  of  the  pre-conpletea 
classes  gives  the  nccessaaT  conditions  of  the  completeness  of  systems 
of  functions j  therefore  the  search  for  the  new  pre -completed  classes 
presents  an  interest  in  regard  to  the  solution  of  the  ausstion  of 
^coinpletaness  in 

In  countable -valued  logic,  because  of  the  iaipossibill^  to 
obtain  an  effective  criterion  of  completeness  with^the  use  of^- 
conraleted  classes  (inasmuch  as  the  power  of  the  seu  all  the  p* 
consisted  classes  of  is  not  less  than  that  of  continuum),  and 

also  in  view  of  the  fact  that  we  have  not  yet  solved  the  question 
of  the  svifficiency  of  the  condition  of  noninclusion  of  the  system 
In  anv  one  of  the  pjre-cocjpleted  classed  to  obtain  the  completeness 
S  S.  ^sS,nrsi«olal^ortonoe  Is  telng  ao^ulrsd  l>y  the  ^orems 
of  completeness,  that  do  not  consider  the  whole  aggregrate  of  pre- 
completed  classes  in  .  As  in  k-valued  logic,  locations  of  the 

new  types  pre -completed  classes  in  P,v.  allow  us  to  obtain  more 

and  more  perfect  necessary  conditions  of  completeness.  Sufficient 
conditions  of  con^jleteness  can  be  found  by  way  of  analyzing  the 
conditions  of  systems  of  special  fom,  in  particular,  syst^s 
analogic  to  those  investigated  by  Slvq>etsky*s  criterfon.  One 
should  consider,  that  a  strai^t  generalization  of  aupetsky  s 
theorem  for  the  counting  case  does  not  give  a  positive  result 

(see  theorem  3)»  ,.,i  , 

Until  now  only  one  family  of  pre-couroleted  classes  of  p  ^ 

were  known,  so  called  classes  which  retained  the  set  EcrE  » (’), 
and  one  sufficient  sign  of  coriqjleteness  (for  systems  composed  of  all 
functions,  of  one  variable,  and  "peanofs"  function)*. 

In  the  present  notation**  we  cite  one  series  (family)  of 
nre-conroleted  classes  and  one  pre-coc^leted  class,  and  are  giving 
^o  indications  (signs)  of  the  completeness  of  systems  of  a  special 
form  (Slupetsky’x  type). 

1,  Ihe  decomposition  of  D  of  the  set  ...j  . 

^i(%i%j=^A  if  i^j) 

Ciss.{ 

latter  was  reported  on  by  A*  V.  Kusnetaov^  as  a  cons6q.uenc6  of 
a  more  general  outcome^  at  the  semlriar  of  mathematical  logic  at  the 

Moscow  State  University  in  1951*  ^ 

present  notation  is  basically  a  short  presentation  of  my 
diploma^  written  at  the  Moscow  State  University  in  19^8  under  the 
guidance  of  S*  V#  Yablonskly* 
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is  called  correct.  If  It  satisfied  the  following  re^idrements: 

subset  U  finite  for  any  one  i,  S)  number 

of  subset  %i  ,  for  which  the  power  is  greater  than  one  unit,  is 
finite  j)  if  there  exists  at  least  one  subset  of  deconroositxon  with 

pOTer  greater  than  one  unit*  . • 

Function  . ,^ft)  is  called  the  function  that 

preserves  the  decomposition,  (in  partic^r  the  proper  deco^osi- 
tion)  D,  in  case  that  the  collections  a  =a  (A, ,oL2,  •  •  •  '  >“'rt)  sna 
'■p=:  '  •  •  •  oi  values  of  the  arguments  are  equivalent 

oc  ^  (mod  D),  i«e»  and  at 

it  follows  that  also  the  values  of  these  collections  are  equivalent: 

f(a)'^  f(?)  (mod  D). 

We  win  fail  the  set  of  all  the  functions  containing  the 
prqper  decomposition  B  of  the  set  t  class  of  i^rP® 

W  and  we  will  denote  it  by  ¥(d).  ,  ^ 

Oheoreffi  1*  Ihe  class  of  Iqrpe  W  is  a  pre-complevad  class. 
Obvio^Jsly,  the  maximam  power  of  a  set  of  pairs  of  nondual 
classes  of  the  considered  type  is  the  cardinal  number  . 

'Ifce  set  Us(g■fx»=^t:teE^'*&  g(t)=s> 
where  5€  and  the  function  g(x)  belong  to  the  set  G 

(every^fhere  in  this  notation  G  is  the  set  of  function  of  ? 
dependent  on  not  more  than  one  argument),  is  called  the  interval 
of  continuity  of  the  function  g(x)»  ®ie  function  g(x)  will  be 
called  definite -continuous,  if  it  has  no  more  than  a  finite 
of  counting-power  intervals  of  continuity.  Die  set  of  all  finite  y- 
continuous  functions  of  ,  we  will  denote  by  Q.  Die  class  o 

of  all  the  functions  of  ,  preserving  the  set  Q  (i.e.  the  class 

which  consists  of  all  the  functions 


such  teat  the  function  i (g,(x) ^(x)^ ....  ,gn.(x))iQ, 
at  any  (^c)  6  Q ,  t  —  >  ^  2.,  -  •  - ,  n) 

wa  will  call  tee  class  V.  It  is  easy  to  see  teat  Qc:V 

Dieorera  2.  Die  class  V  is  pre-conq)leted. 

2.  For  further  discussion,  a  series  of  conceptions  will  be 
necessary,  and  tee  introduction  of  them  will  allow,  in  a  con^ct 
and  also  convinient  for  a  survey  form,  to  give  two  indications  of 
the  ccffi^leteness  of  systems  which  are  similar  to  the  systems 
considered  by  Slupetshy’s  criterion  in 

Die  function  .  •iXn.HPy.  Cn>2  and  all  tee 

eidLsting  variables)  is  called  "peanof’s",  if  for  different  collections 
of  values  of  the  arguments  it  tahes  on  different  values.  An 
example  of  peonof 's  function  of  two  arguments  is  given  in  table  1. 

^  Die  function  f(x, .  .  -  jXn)  called  quasipeanof ’s. 
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■±f  the  system  Gf  ^  G  [}  {f}  is  conrpleta  in  .  . 

we  will  analyze  the  set  G^,  where  f  is  a  suh^- 

tially  dependent  on  arguments.  To  e^f^/’^^POSxtion  of  ^e 
f-uncSon  of  the  set  that  represents  thefunction  depentoh- 

not  more  than  on  two  arguments  j  we  will  put  ^ 

‘certain  number,  defined  by  the  following  rules  l)  lo.  x  (or  y, 

v(^)  =  0  (y(t/)  -  0)  2)  for  ^(<p  (:t,y))  -  v(g  (cp(x,y)5)-  v(f  (x,y)) 

3)  for 

w(4.(x.y»)tlC^(x,y'),cF,(x.y)  8nd(^,(l.V)~-  is  the  super- 

position  of  the  functions  of  the  set  which  represent  functions 
depending  on  not  more  than  t'wo  arguments). 
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T^«t  Pfx  be  the  superposition  of  the  functions  of 
.ys^ayJWlT)}  ■  ^  of 

Th  order  »ith  respect  to  f,  if  v(f  d  ,V))  =i-  •  detlnltloa 

given  is  genemllted  tnther  easily  in  ces.  of  the  nunter  of  ergo- 

’’S^^fSJfon  ?(S,l)-is  r“2T:Sr's°srf^c- 

r^s  order,  if  there  exists  a  sT;5)erposxxion -of  r-order  of 

the  system  %  such  that  the  function  represented  by  i. 


•(of  two  arguments)  is  a  peaaof ‘s  function,  but^are  is  no  super- 
•irtB-r+ion  of  a  lesser  order  with  the  same  property* 

^  We  will  ana3y^;e  the  system  of  functions,  produced  hy  the 

function  f(x„x,,. .  •  ,x«)(n>2  and  for  all  the  existing  variables) 

and  Ijy -Ills  functions  of  ««  sot  <3:  H,=  ,x^.- ■ -.*;»)== 

Obviously*  if  seme  function  of  is  quaslpsariof ’s  function  of 
f  oSS;  tLnf(x..x„...,x.)  if  a  auasipeanofs  function  of  the 

'order  not  greater  than  r.  It  is  easy  to  noUce,  ttet  for  a  function 
to  be  a  quasipeanof  function  of  the  1st  o^rjer,  it 
and  sufficient  that  its  system  of  %  contain  a  ftmetion. 

Bie  function  f(x,y)  is  called  degenerated,  if  f (h,y)  is  a 
function  with  a  finite  number  of  intervals  of  continuity  s-t  any 
he  or  f (x,l)  is  a  function  with  the  same  property  at  any 

.  otherwise  the  function  f(x.y)  is  called  non-degenerate. 
Oheorem  3*  For  a  function  f  {x,y)  to  be  a  quasipeanof  s 
function,  it  is  necessary  that  it  be  nondegenera-te* 

'Ihe  proof  is  carried  out  by  induction  of  the  order  of  super¬ 
position  with  respect  to  function  f.  if 

^  We  will  call  the  function  f(x,y)  diagonally-aivlded,  If  it 

possesses  Se  following  propexlles:  l)  its  S-jy^te-  dgs  not  include 
a  peanof  function;  2a)  the  h-system  Includes  the  function  cp  (x  ,v) . 
for  which  the  eet  0,=  V((O),  E«.\!Oi)  concistc  of  different 
nnmherc,  the  eet  $,  =  <(>(  E«.\  {Oj  ,  {O})  oo^ists  of  dl«erent 
numbers,  the  set <?({<?}, {op g ((x.  x  >  0J>  ia- joj 
t?ie  set$3-<Pa^:  X  >  y },  {</•■  V  >  Oj)  consists  of  different  numbers, 
where  $o^,^3>a#a  =  -A  or  26)  the  H-sys^ 

includes  the  function  <p  (x  ,y)  for  which  the  set  -  <f  (E  \1  ^ 
{?•  xj)  consists  of  different  numbers,  the  set  $2.s=.<f^E.  , 

;  y  >  xj3  consists  of  parts  (proportions) =<pr|x :  x<lj, 

mt=u,(a,6EWc).#,f^a>i,=:A  at  1,4=  Iz  ^  Where 

An  example  of  a  diagonally-divided  function  is  given  in 
table  2.  Gheorem  If.  A  diagonally-aivided  function  is  a  quasi- 
peaaof's  function  of  the  second  order.  ^  ^  ^  j 

For  the  diagonally-divided  function  introduced  in  this 

exsaple  we  have  f(f(2x  +  2, 2y  +  3),  f  (2^  +3 ,  2  x  +  2»  —  a  peanof  s 

functio^  conclusion  I  esspress  my  thanks  to  S.  V.  YablonsMy  for 
his  interest  and  advice. 


Itoscow  State  Ifeiversity 
imeni  M.  V.  Lomonosov 
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